> 



X 



Transmutation of Pure 2-D Supergravity Into Topological 2-D 
Gravity and Other Conformal Theories 



Laurent BaulieuQ 

"^" ■ LPTHE, Universite Pierre et Marie Curie 

Q^ '. Tour 16, 4 place Jussieu, 75005 Paris, France 

Abstract We consider the BRST and superconformal properties of the 
ghost action of 2-D supergravity. Using the background spin structure on the 
worldsheet, we show that this action can be transformed by canonical field 



\^ ', transformations to reach other conformal models such as the 2-D topological 
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psj ' gravity or the chiral models for which the gauge variation of the action repro- 

duces the left or right conformal anomaly. Our method consists in using the 

_. . gravitino and its ghost as fundamental blocks to build fields with different 

r-| ! conformal weights and statistics. This indicates in particular that the twist 



ing of a conformal model into another one can be classically interpreted as a 
change of "field representation" of the superconformal symmetry. 
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1 Introduction 

Many conformal field theories are based on energy momentum tensors which, at the clas- 
sical level, are not more than quadratic in the dynamical fields and their first and second 
order derivatives. Their action is essentially a free one and can be often written as a 
superposition oi b — c systems. In various cases a relationship occurs between the quan- 
tum energy momentum tensor operators of different theories. They can be "twisted" one 
into each other by the addition of the derivative of an abelian current |I[], and moreover 
an A^ = 2 supersymmetry is present [^. Here, we investigate whether these phenomena 
rely on classical properties, indepently on the quantization of the fields. We consider 
conformal theories with equal number of commuting and anticommuting fields, which 
is a necessary condition to get some kind of supersymmetry. Observing that the only 
meaningful differences which can exist at the classical level between different models are 
the conformal weights and statistics of the fields, we find it reasonable to believe that a 
root theory should exist, where the fields belong to what one could call the "fundamen- 
tal representation", the other "representations" being obtainable by suitable canonical 
field transformations. Since the conformal symmetry is supposed to be maintained in 
any "representation", the Lagrangians, energy momentum tensors and other conserved 
currents such as the ghost number and BRST Noether currents should be also related 
by these changes of field variables. The Ward identity expressing the conformal symme- 
try should have the same expression in all representations, the only freedom in a given 
theory being the value of the coefficient of the possible anomalous term. It is of course 
understandable that the anomaly coefficient escapes the classical property that systems 
which are related by canonical field transformations are equivalent, since its value must 
be computed at the quantum level and involves a regularisation. One also expects that 
for two different "representations" the expressions of physical observables, computed at 
the level of field polynomials from the BRST cohomology of the theory or from BRST 
exact terms, be related by the canonical changes of variables, but the interpretations and 
values of their expectation values, as the anomaly coefficient, differ when one goes from 
one theory to the other. 



Our point of view forces us to work with a non trivial reference metric on the world- 
sheet, and moreover to introduce a gravitino, in order to have a spin structure on the 
worldsheet. Indeed, we find it natural to use the gravitino ghost field, which is a com- 
muting object with conformal weight one half, as a building block to generate by field 
multiplications higher order conformal field "representations", and the background grav- 
itino field, which is an anticommuting object, to possibly change the field statistics. The 
conformal gauge results are easily obtained by setting the Weyl independent parts of the 
background metric and gravitino fields equal to zero. The use of metric and gravitino 
background fields has also the advantage of simplifying the derivation of the various 
properties of the energy momentum and supersymmetry tensors, since they they are the 
sources of these objects |^. 

The paper is organized as follows. We study the ghost action of 2-D supergravity in 
the gauges where the metric and gravitino are conformally set equal to non vanishing 
background metric and gravitino fields, a particular case of which is the conformal gauge. 
In addition to the ordinary supergravity BRST symmetry, present by construction, we 
find a background local supersymmetry, acting on the supergravity ghost, antighost and 
background metric and gravitino fields, with a generator which anticommutes with the 
basic BRST and ghost number symmetries. In both holomorphic and antiholomorphic 
sectors, the formulae fall in a very simple A^ = 1 superfield formalism, although the back- 
ground is non trivial. The N=2 conformal supersymmetry [Q of the ghost action appears 
as an accident of the case when the background gravitino is set equal to zero and the 
Beltrami parameter is choosen constant. Indeed, with these choices of the background 
gauge, the ghost current can be splitted into two independently conserved abelian cur- 
rents and this provides the additional U(l) symmetry which is necessary to extend the 
fundamental background N=l supersymmetry into an N=2 conformal supersymmetry. 
Then comes our main observation. The presence of the background gravitino and of its 
ghost permits one to do canonical field redefinitions, which change the conformal weights 
as well as the statistics. The redefined fields can still be seen as "realizing" the original 
symmetries and can be used to define other BRST and conformally invariant actions with 
different values of the anomaly coefficient, although the starting actions are related by 



canonical transformations. At the classical level the new energy momentum tensors differ 
from the one of the the ghost action of 2-D supergravity by terms which are derivatives 
of f/(l) currents. As an interesting application, we show the relationship between the 
ghost action of 2-D supergravity and the action of topological 2-D gravity in the gauge 
of Labastida, Pernicci and Witten ^ . Further field redefinitions permit one to introduce 
the chiral actions whose gauge variations reproduce the left or right conformal anomaly 
with an arbitrary coefficient, that is left-right assymmetric anomaly compensating ac- 
tions, which can be combined to other systems 01 0- All our formula are given for 
the holomorphic sector and those of the antiholomorphic sector are trivially obtainable 
by conjugation. One has the amusing possibility of doing different transmutations in the 
left and right sectors, starting from supergravity. 

2 Conformally invariant ghost system of 2-D super- 
gravity 

The basic fields of 2-D supergravity are a zweibein and its supersymmetric partner, 
the gravitino. It is possible to extract from these fields objects which only depend on 
the superconformal classes, called moduli and supermoduli, that is the Beltrami and 
superBeltrami parameters. In the holomorphic sector one denotes them as /if and a|. 
On a given Riemann surface, up to a conformal factor, the line element is simply ds"^ = 
\dz + ^d'z\^. General super- reparametrizations transform yu| and its supersymmetric 
partner a| with the rules of a closed algebra, in relation with the superVirasoro algebra. 
This algebra can thus be expressed as a nilpotent ERST algebra by changing the local 
diffeomorphism parameter into the anticommuting ghost & and the local supersymmetry 
parameter into the commuting ghost 7^. The action of its graded differential BRST 
operator s is defined as [^] 



si' = ed-,i' ~]p'd,e (2.1) 

There is a global A^ = 1 supersymmetry inherent to the supergravity. Let o its 
generator, defined as 

cr//| = a^ era J = d^n^ 

ac' = -f a-f = d,c (2.2) 

The way the symmetries (anti) commute with the space derivatives is ad + da = 
ds + sd = 0, where d = dzdz + dzdz- The consistency of the underlying symmetries 
implies 

s2 = a"^ = dz as + sa = {) (2.3) 

These formula can be unified in a superfield formalism. Let us interpret 9 as the 
single Grassman variable of the A^ = 1 supersymmetry in the holomorphic sector and 
define the superfields 

M'^ = dz + fi^z + 9a^dz 
C = c' + ej^ (2.4) 

One finds easily that a is the following graded differential operator 

a = dg + 9d, (2.5) 

and that the BRST equations can be written in superfield notations as 

sM' = -dC' + C'd,M' + M'd,C' --aC'aM' 

sC = C'd.C' -haC'f (2.6) 

One has a further simplifications in the notation where the ghost number and the form 
degree are unified in a bigrading (to read the formula, just expand them in form and ghost 



number). Indeed the definition of tlie operator s can be written as tlie more geometrical 
equation 

{d + s){M' + C) = (M^ + C')d,{M' + C) - -(t{M' + C')a{M' + C) (2.7) 

Moreover one can also verify 

{d + s)a{M^ + C") = (M" + C^)d,o{M^ + C^) - -a{M' + C')d,{M' + C) (2.8) 

which shows that a{M^ + C^) has holomorphic weight |, as it should, since it is the 
super symmetric partner of the object M^ + C^ which has weight 1. 



3 The ghost action of 2-D supergravity in non trivial 
background gauges 

Consider now the problem of gauge fixing a superconformal invariant action in the gauge 
in which the supermetric of the worldsheet is conformally set equal to a given background 
supermetric, with superBeltrami parametrization /ifg and a^^. In the holomorphic sector, 
this generates the following Faddeev-Popov action 



1 = jd'z s{bUf^± - ^ig) + [3^4 - 4o)) (3.1) 

bzz and Pze are antighosts with the following BRST transformations 

shzz = kz9 skz9 = (3.2) 

Of course the BRST operator s does not act at this level on the background fields, 
sfi^Q = sa^Q = 0. The action is automatically BRST invariant, since s^ = on all fields. 
Expanding the action from the definition of s gives 



1= I d z {kzzif4 - f4o) + kzeia- - «-o) 

-bzzidzc' + c'dzf4 - f4dzc' - \4l') 

+M-dz7' + c'dz4 + l^dzc' + f4dzl' - ll'dzf4) } (3-3) 



Eliminating the Lagranger multipliers kzz and kze, one gets yu| = yufp and a| = a^^ and 
thus 



J = I (fz{-bzz{dzc' + c^dzfi^Q- fi^QdzC^ - -a%-f^ 



+PA-9^' + c'd.4, + \4od,c^ + f4,dzY - \l'dzf4o) } (3.4) 

In this equation, as a result of the gauge-fixing yuf and q;| have been set equal to the 
classical backgrounds /i|g and a^Q. Only the ghosts and antighosts are dynamical and 
the BRST symmetry operator s has been changed into Sq? which acts now in a non trivial 
way on the background metric and gravitino, with 

X = I d^z {-hzzSo^Q + /?^eSo«lo) (3-5) 

where sq is defined as 

s,c' = c'dzC^-\Y^' 
soa% = -dz-f^ + c'd,a% + -a%d,c' + ^|o^^7^ - ^l^dzfi'-o 
soY = c'd^Y-^Yd^c' (3.6) 

and 

sobzz = So(3ze = (3.7) 

The new BRST invariance of the action, sqX = 0, is obvious from Sg = 0. 
We define the a supersymmetry transformations of the antighosts as 

(^Pze = bzz <yhzz = d^pze (3.8) 

which implies that 

Bz9 = f^ze + Obzz (3.9) 

is a superfield with sqBzo = and 

al = (3.10) 



The difference between the operators s and Sq originates in the ehmination of the La- 
grange multipher fields. From now on, for the sake of notational simphcity, we will skip 
the index "o", keeping in mind that the /if and af are background fields defined on the 
worldsheet. 

The following expressions of the action X and the various anticommutation relations 



of So and a, similar to p.3| , make obvious its invariances under s and a transformations 



I = ld^zsiK,f4 + (3,g4) = Id''zsai(3,ef4)= JdhdesiB^eM') (3.11) 

4 Conformal properties of 2-D supergravity BRST 
symmetry 

We now look for the transformations properties under superconformal transformations 
of the field system discussed in the previous section. 

We define "holomorphic superconformal transformations" by the action of the follow- 
ing graded generator 

6c' = Fd,c' + c'dJ' ~-X^Y 

s4 = -d,x' + i^d,4+^4dj' + fi±dA' -^x'd^fi^ 

Si' = Fd^i' -]p'dj,' + cd,\' -]^\'d,e (4.1) 

To obtain the convenient grading, namely that 5 is odd, we have "ghostified" the param- 
eters of the transformations, which means that the local diffeomorphism and supersym- 
metry parameter I' and A^ are respectively anticommuting and commuting. 

When /^ = and A^ = constant, the local symmetry defined from 5 reduces to the 
global symmetry with generator a that we discussed in the previous section. The 5 
transformations form a closed algebra. Moreover, by introducing the super-parameter 

K' = r + 9X^ (4.2) 
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and using the ghost form degree bigrading, we get for the 5 transformations, 

S{M' + C) = -dA' + A'd,{M' + C) + (M" + C')d,A' - -crAV(M" + C 



(4.3) 



The way 6 acts on the BRST transformed fields is instructive Q Using 
s{M' + C) = -d{M' + C) + (M^ + C')d,{M'' + C) - -a{M' + C')a{M' + C") 

(4.4) 
one gets after a simple computation 

5{s{M' + C')) = A'd,s{M' + C) + s{M' + C')d,A' - -aA'as{M' + C") (4.5) 

This equation shows that the background superconformal graded operator 5 is compatible 
with the BRST operator s, that is, s and 5 anticommute, 

5s + s5 = Q (4.6) 

In order that the action X be invariant under the transformations 5, we define the 6 
transformation of the antighosts Bzq = (3ze + Obzz as 

5Bze = A^dzBze + ^BzedzA' - ^aBzeaA' (4.7) 

that is in components 

Sbzz = l'dzbzz~2bzzdzl' + hzzdz\' + ^f^zedzX' 

5(3ze = l'dzPze + l(3.edzl'-hzzX' (4.8) 

Indeed, this definition implies 

SisjBzeM ')) = dz{. . .) + a(. . .) (4.9) 

^To simplify the formulae, one could interpret A^ as a superghost. In this way the differential operator 
S becomes a background BRST operator, with its own ghost number, and one gets the unified equation 
(d + s + 5)(M^ + C^ + A^) := {M^ + C^ + K'-)d^{]\'P + C^ + A^) - \a{M'' + C"- + K'-f, which makes 
particularly easy the demonstration of most formulae. 

9 



which proves the S invariance of the supergravity ghost action 

61= S f Szdes{B,eM') = (4.10) 

Another way to see the possibihty of the 6 invariance of the action is to examine 
X = / (Pz s(622(/i|— /i|Q)+/?26'(a|— a|o)) before the ehmination of the Lagrange multiphers 
which are the BRST transformed of the antighosts. Since /if and ^§q on the one hand, 
q;| and afg on the other hand, transform identically under 6, the form of 6{fi^ — n^^) and 
(5(a|— afo) is exactly what is needed to make possible (5(6z^(/i| — /ifg) + /3z9{a^ — a^o)) = 
dz{- ■ ■), which implies the 6 invariance of the action. The transformation laws under 6 of 
the Lagrange multipliers must correspond to those of the antighosts. Thus, all relations 
of the type ^]3| can be extended in the antighost sector. 

The Ward identity of the 6 invariance permits a direct derivation of the expression of 
supersymmetry and energy momentum tensors G^e and T^z, defined as 

The S invariance of the action means 

S^T JT'T" C'T" f 'T~ 

/ d2z(T,,5^i + Gze64 + TT-^^z. + Tl^c' + T^^(^-<^ + Tl^^') = ^ (4-12) 
J dbzz oc^ bj3ze OY 

This equation can be separated in two identities, corresponding to independent values of 
the parameters l^ and A^. Up to the equations of motion of propagating fields, that is of 



the ghosts, |4.12| gives 

J d^z{TzzSfi^ + Gze64) = (4.13) 

Inserting the expression of (5/i| and Sa^ and using the fact that one has identities true 
for all possible values of the parameters l^ and A^, we obtain 

{dz-f4dz-2dzf4)Tz.-i^4dz + pz4)G.e = 



3 1 

-dzf4)Gze - -< 



{dz-fi'zdz-7;dzfi^)Gze--a^Tzz = (4.14) 



These Ward identities, valid in the presence of general values of the background metric 
fij and gravitino a| of the worldsheet, are the covariant generalization of the analyticity 
conditions of Tzz and Gze in the conformal gauge //| = a| = 0. 

10 



In superfield notations, the "super energy-momentum tensor" is 

f,e = G,e + eT,, (4.15) 

One easily verifies 



5M' 



■ j d^zd9{B,esM') = C^d^B^e + i^B^ed.C' - -aC'oB^g (4.16) 



and another way to write the Ward identity ^.14 



IS 



(5_ _ M'd, - ^-d,M' - yM'a)tg = (4.17) 

Since the action is hnear in /if and a|, T^z and Gze are independent on these fields. 
Let us check that our definitions truly give the known definitions of Tzz and Gze in the 
conformal gauge for which /if = a| = 0. One has indeed 

Tzz = -fl^ J ^^^(^^^^^^^ + /^^e^sal) 

= c'dzbzz-2KAc' + ^Ydzf3z9 + lp.edz7' (4.18) 



and 



where 



Gze = -^_ = Gze^ + Gze- (4.19) 



Gze^ = d'^zbzzY-gSf4= ijb^zY 

Gze- = J d^z(3ze^s4=^Pzed.c' + dz{(3zec') (4.20) 

z 

If one switches to a classical Hamiltonian formalism, the form of the action indicates 
that the antighost field is the conjugate momenta of the ghost field operator. Moreover 
the action of a conformal super-reparametrization b with super-parameter A^ on any given 
dynamical field X can be written as bX = ^{§ dzdOA^Tze, X}^, where the anti-bracket 
{ , }+ occurs if X has an odd grading. The group structure of the transformations 6 
implies the anticommutation relation 



{i dzdOA'fze, (f dzd9A"fze}- 



<f dzde{A'dzA'' + ^A'dzA" - ^aA'aA")fze) (4.21) 
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where A^ = /^ + 6K^ and A^' = l^' + OA.^' stand for the super-parameters of two 5 
t r ansf ormat ions . 

One may decompose the last equation by projection over the various possibihties of 
the component content of the super-parameters A^. This gives the graded commutation 
relations of the holomorphic N=l superconformal algebra 

{Tzz, T-zz] ~ Tzz {Gze, Tzz} ~ Gze {Gze, Gze}+ ~ Tzz (4.22) 

where we do not make explicit the structure coefficients for the sake of notational sim- 
phcity. Since {Gze^, Gze^}+ ={Gze', Gz0'}+ = 0, one has 

{Gze-,Gze^}+-^Tzz (4.23) 

For any given value of the background fields /if and a|, one has an obviously classically 
conserved abelian current, the ghost current 

Jf °'* = bzzc' + (3zeY (4.24) 

However, for a| = one can observe that the two currents bzzC^ and Pzel^ are separately 
conserved due to the vanishing of mixing terms in the invariant action, bzz<y^'y^ and 
PzoiC'dza^ + \a^dzC^). Moreover, the nilpotent transformation a^ associated to G^e^, 
namely 

(y^l3ze = hzz cT+bzz = (4.25) 

that is a^ = dg in superfield notation, is a symmetry of the action if and only if 

4 = dzi4 = (4.26) 

But in this case the action is also invariant under the action of Gze~ since it is generally 
invariant under the fundamental symmetry associated to Gze = Gze^ + Gze^ ■ Thus, when 
the background gauge is restricted as in |4.26|, and in particular in the conformal gauge 



case /x| = 0, one has two supersymmetries of the action associated to the generators 
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Gze^ and Gze. This gives the known N = 2 superconformal supersymmetry, for which 
J+ = bzzC^ or J^ = PzdY plays the role of the abelian part, while Gzo^ and Gze~ are the 
two fermionic generators |@]. From our point of view this symmetry appears as rather 
accidental, the basic symmetry being the one associated to Gze, Tzz and Jf^"'^^. 

After quantization of the action, which means either doing path integral over the 
dynamical fields or changing the fields into operators and Poisson bracket into commuta- 
tors, the anomaly can be understood as a consistent term generated by loop corrections 
which can be substituted to zero at the right hand side of the superconformal Ward 
identity [4.14| or [4.17| . After a quick look to the structure equations one finds that the 



consistency of the symmetry equations implies that the Ward identity |4.14| or |4.17| can 
be made anomalous only under the following form 

{dz- M'dz-^-dzNP -]^aM')fzB = cdzide + edz)dzM' 

= c{dl4 + ed!f4) (4.27) 

The value of the coefficient c of the anomaly depends on the explicit form of Tzz- It must 
be computed at the quantum level, using one of the many methods available. One gets 
c = —26 + 11 = — 15 for the case of the 2-D supergravity ghost action. 

5 Transmutations to other conformal theories 

The ghost action which stems from the conformal gauge fixing to a non trivial background 



m 



structure of 2-D supergravity possesses the super-reparametrization invariance [4.1| ^]8 
addition to its BRST invariance. It is thus conceivable to think of other conformal 
theories that one would obtain by introducing new fields which are composites of the 
original ghosts of the supergravity, obtained by products or more subtle combinations of 
these fields, with the possibility of a dependence on the backgrounds fields ;u| and a|, so 
that one has a priori many options to choose from for the holomorphic weights as well as 
the statistics. The new fields would be well defined under the local background super- 
reparametrization invariance since 6 acts as differential operator. The theories stemming 
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from BRST invariant actions built from these fields would also have conformal properties, 
since s and 6 anticommute. The values of their anomaly coefficients would differ, since 
the weights of the fields would be different, but their Lagrangians would be related by 
canonical changes of field variables, as well as their classical energy momentum tensors, 
BRST Noether currents and all other conserved currents. 

To understand this construction, we will explain how the action of the topological 
2-D gravity in the type of gauge used by Labastida Pernicci and Witten is simply 
related, through a canonical change of variable, to the one of 2-D supergravity discussed 
in the previous section. Let us redefine 

n = -\i'4 

$.. = -W.el'^' (5.1) 

while we keep unchanged hzz and c^. It is easy to check that this change of variable is 
canonical, which means that the Poisson bracket of the redefined fields $^2 and $^ is 
equal to that of the conjugate fields (3ze and 7^. 

To determine the BRST algebra of the redefined fields, we insert in the basic super- 



gravity BRST equations |2.7| and |2.8| the change of variable ^.1| , observing that it means 
^1 + $^ = ~\a{M' + C^)a{M' + C^) \e=Q. One obtains 

{d + s){dz + iJ^dz + c"") = {dz + n^dz + c'')dz{dz + n^ + c') + % + ^' 

{d + s){% + <!>') = {dz + fi'-dz + c')dz{%+<^') + {%+<^')dz{dz + fi±dz + c') 

(5.2) 

Expanded in ghost number, these equations mean 

si4 = ^^ + dzc' + c'dzfi^- fi^dzc' 

s(f = (|)^ + d'dzd' 

s^£ = -d^^^ + ^^dz^4- ^4dz^' + c'dz^^+'^^zc' 
5$^ = edz^'-^'dzc' (5.3) 
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One recognizes the BRST operator of topological 2-D gravity, as expressed in 0. Thus 
the BRST symmetry of 2-D supergravity has been transformed into that of topological 



2-D gravity by the change of variables |0|. It is quite interesting that the combination 
of the anticommuting physical gravitino a| with its commuting ghost 7^ produces the 
anticommuting ghost \E'|-, that is the topological ghost partner of the Beltrami variable 
/if, while the square of 7^ produces the topological ghost of ghost $^. 

Consider now the BRST invariant action 

Xtop = Jd'zs{h.{^i^-f4,)+^Un+ ^4o7')} (5.4) 

The action of s on the antighosts is 

Sbzz = ^zz sXzz = 

s'^zz = Vzz sr]^^ = (5.5) 

Expanding the action Xtop we see that Xzz plays the role of a commuting Lagrange mul- 
tiplier for the condition yu| = /i|g while bzz is an anticommuting Lagrange multiplier for 
the condition \E'| = —dzC^ — c^dzfJ^Q + fJ^^^dzC^ + ^a^Q^y^. Thus, only the second term of 
Xtop gives rise to a dynamical part. If furthermore we choose the background gravitino 
afg = 0, what remains of the action after the elimination of the Lagrange multiplier fields 
is 



FoJc 



Xtop = J (fz{ r]^,{dz - f4odz + dzf4o 

-^zzidz - fi'-odz + d,fi^,)i^' + c'dzc') } (5.6) 

It is easy to verify that Xtop is invariant under the background symmetry S. The 
expression of 6 can be obtained from that we derived in 2-D supergravity, eqs. O] E^ 



through our changes of variables. The transformations laws of the redefined fields under 
6 permits of course to verify that their conformal weights are truly what is indicated by 
our indices. 

As far as its interpretation is concerned, the action Xtop is of the Labastida-Pernici- 
Witten type 0, expressed in the Beltrami parametrization. It can be considered as a 
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holomorphic gauge fixed version of the topological invariant / (Px^^R, by mean of the 
gauge condition /x| = /i|g ^. Before quantization, the energy momentum tensor, can be 



equivalently computed by differentiation of the topological gravity action ^^ with respect 
to /^Iq, or by doing the changes of field variables |5.1| in the energy momentum tensor of 
2-D supergravity [4.18|. If the fields are identified, the two energy momentum tensors 



differ by a term of the type dzlab^zl^ + a'Pzoc^)- The BRST symmetry Noether currents 
of both theories are also related by the canonical changes of variables. One still has the 



Ward identities [4.14| with the same possible anomalous term as in [4.27| . The value of the 
anomaly coefficient c, not predicted from classical considerations, is now zero, due to an 
exact compensation between the contributions of commuting and anticommuting ghosts. 
The discussion about the N = 2 conformal supersymmetry of the redefined action can 
be repeated exactly as in the last section, when the background is such that fi^^ = 0. 

The mechanism presented here, which allows the change of the holomorphic weight 
and statistics of the propagating fields, by mean of canonical field redefinition involving 
the gravitino and its ghost, that is the spin structure of the wordsheet, indicates a possibly 
deep relationship between two actions with different physical interpretations. The canon- 
ical changes on field variables, (r/^^,c^) = {bzz,c^) and ($2^,$^) = {—2PzeY t~\'1^Y) 
connects the symmetries, the field equations, the energy momentum tensor and other 
conserved currents of both actions. On the other hand, the anomaly coefficient, whose 
computation relies on quantum effects changes. It is intriguing to find out whether the 
mechanism which governs the change of the values of the anomaly coefficient is linked to 
an ordering problem or to the singularity occurring at 7^ = in the field redefinitions. 

Having seen the existence of the transmutation mechanism on a given example, we 
may go further and consider the possibility of introducing other b — c systems, the root 
being the ghost system of 2-D supergravity that one transforms by canonical field redefi- 
nitions. We introduce at the classical level a pair of new fields by the following canonical 
change of variables 

exp = ^"^ + c^'dzc'' 

a 
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M = -^exp-- (5.7) 

a a 

a is an arbitrarly fixed real number. In terms of tlie redefined fields, the action is 

Xtop = J d?z{ri^^{d^ - 14^8, + d,f4^)c' - M{djL - fi^^d^L - ad.fi^^)} (5.8) 

The BRST symmetry of the action has been changed into 

s/^fo = d^c^ - ^4o9zC^ + c^9,i4q 

sL = cdzL — adzd" 

SVzz = 

sM = (5.9) 

From a mathematical point of view, the meaning of the fields L and M is not clear when 
a is not integer or half integer. However, we have the background conformal symmetry 

6L = I'dzL-adJ' 
SM = dzil'M) (5.10) 

which leaves invariant the action. We may think to define the nature of the fields from 



these equations. Moreover, the physical meaning of the action 5^ is quite clear. The 
ghost part ri^^{dz — fJ^Qdz + dzfi^o)^^ means that the Beltrami parameter of the worldsheet 
has been set equal to the background value /ifg in a BRST invariant way. Interpreting 
the field M as a Lagrange multiplier, the part M{{d^ — ^Qdz)L — adz^jo) i^^ans that 
one has a field L which satisfies the constraint 101 [00 

i9j-i4odz)L = adzfi^Q (5.11) 

We have the following property 

s{dzL{d^ - fi'zo9z)L - 2dz^4,dzL) = adzc'dz'fi^, (5.12) 
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which holds true as a consequence of|5]^, independently, of the constraint {d^ — jJi^Qdz)L = 
adzfJ-jQ. If, moreover, this constraints is satisfied, we have 

sid^^^d^L) = -aa^c^(9/^|o (5.13) 

Thus, the constrained field L can be used to compensate the conformal anomaly, since 
the gauge variation of the action dz^Ji^^dzL is proportional to the conformal anomaly 
dzC^dz'^fi^o- Moreover, at the quantum level, we have an admissible invariant counterterm, 
of the cosmological term type, which can be added to the action, 

let = cte / (fz exp (5.14) 

J a 

since the s and 6 variation of the integrand is a pure derivative. All these properties 
indicate that we may call the field L "half a Liouville field" as in 0. 

To summarize, through our successive changes of field variables, we have reached the 
action 

Twz = J d?z{ r}^^{dz - i4odz + dzi4o)c') 

-M{{dz - i4A)L - oi^z^4o) + ^^z^4o^zL} (s.is) 

where h is an arbitrarly given real number, independent of a. The energy momentum 
tensor is 

Tz, = ^^ = -riz.dzc' - dzivzzdzcn + MdzL - adzM + bd^L (5.16) 

An easy computation shows that the contribution of all the fields to the anomaly coeffi- 
cient is 

c = -26 + 12a6+l (5.17) 

If one is interested to get a model with a vanishing anomaly coefficient, c = 0, there 
are many choices for the values of the pairs a, b. All possible values of a are admissible, 
provided 
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As far as observables are concerned, one relies on the criteria of BRST invariance for 
their selection ||TU| . But since the BRST symmetry is the same in all these models, up to 



field redefinitions, we expect a universality in the definition of the products of fields of 
which one should take the expectation values. As an example, in the topological phase, we 
have the BRST-exact cocycle ^^ + c^dzC^ with ghost number two as an observable, which 
corresponds in the Liouville phase to the BRST invariant " cosmological term" exp — -, 
through the redefinition ^.7| . Notice that in the topological phase a supersymmetry 
breaking mechanism should occur in order that < $^ + c^dzC^ > be not zero, due to its 
ghost number. The values of the expectation values of these physical operators, as well 
as the methods of computation, should differ when one goes from one model to the other. 
It is quite interesting that the reduced cohomology introduced at the algebraic level in 



|Tl| , can be directly deduced from the BRST charge corresponding to the action |5.15 . 
Acknowledgments I thank J.L. Gervais, M. Picco and P. Windey for many instructive 
discussions related to the subject of this work. 
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